ABSTRACT A model is proposed for polymer-and salt-induced toroidal condensates of DNA, based on a recent theory of the undulation enhancement of the electrostatic interaction in the bulk hexagonal phase of semiflexible polyions. In a continuum approximation, the thermodynamic potential of a monomolecular toroid may be split up in bulk, surface, and curvature contributions. With the help of an approximate analytical minimization procedure, the optimal torus dimensions are calculated as a function of the concentrations of inert polymer and added salt. The stability of the torus is analyzed in terms of its surface tension and a bulk melting criterion. The theory should be applicable to qp-toroids that are not too thick.
INTRODUCTION
Under a wide variety of conditions, randomly coiled DNA in dilute aqueous solution may be forced to condense into globules of varying degrees of order. This collapse may be induced by neutral polymers like polyethylene oxide with added monovalent salt (Lerman, 1971) , or by a number of polyvalent cations like polylysine (Laemmli, 1975) , the polyamines spermidine (3+) (Gosule and Schellman, 1976) and spermine (4+) (Chattoraj et al., 1978; Gosule and Schellman, 1978) , cobalt hexammine (3+) (Widom and Baldwin, 1980) , or magnesium (2+) in water/ethanol mixtures (Post and Zimm, 1982) .
The polymer-and-salt-induced or i+-condensation of DNA was first studied by Lerman (1971) who discovered that the rate of sedimentation of DNA in highly dilute solutions increased strongly when the concentrations of polyethylene oxide and NaCl were above certain critical levels. He was able to estimate an average hydrodynamic radius of the sedimenting particles, which indicated that within the globules the DNA strands were tightly packed, the volume of a globule being of the order of the self-volume of one DNA molecule.
In additional investigations, the spatial structure of the condensates was resolved to some extent. From x-ray studies it was concluded that the DNA strands were stacked in a lattice, the hexagonal order of which increased with increasing polymer concentration (Maniatis et al., 1974; Evdokimov et al., 1972) . Spectroscopic studies indicated that the DNA double helix did on the whole retain its normal B form (Jordan et al., 1972) . In electron micrographs a large fraction of the globules adopted more or less simple geometries, like loosely wound toroidal globules (Evdokimov et al., 1972; Evdokimov et al., 1976) . The packing of the DNA strands in the globules tended to be tighter the greater the polymer ible; on diluting the solution to concentrations of polymer or salt lower than the critical concentrations needed for condensation to occur, the solution becomes isotropic again (Lerman, 1973) .
Several years after the discovery of +'-condensation, it was observed that low concentrations of spermidine or spermine, polyamines that are found in vivo, could also induce a collapse of DNA. Again, regular morphologies of the globules were observed. Bloomfield and coworkers reported rather well defined toroids making up the larger fraction of the globules, which are often also rodlike structures Plum et al., 1990) . In electron microscopy studies it was shown that the DNA strands were circumferentially wrapped around the centers of the toroids Ruben, 1983, 1986) , thereby allowing a close packing of the DNA strands without the need for sharp kinks or bends.
In both types of condensation, small globules of well defined geometry are observed only at low concentrations of DNA. At higher DNA concentrations, aggregation sets in, giving rise to much larger and less compact structures. For example, in the case of the condensation induced by magnesium it was shown that sometimes the monomolecular condensates are in coexistence with the random DNA coils (Post and Zimm, 1982) .
Quantitatively, the condensation phenomena are not well understood, although a wide variety of models has been proposed. For instance, qi-condensation has been interpreted in terms of the coil-to-globule transition (Frisch and Fesciyan, 1979; Post and Zimm, 1979) that is observed in the case of flexible polymers in a poor solvent (Lifshitz et al., 1978) . A persistence segment of DNA has a large aspect ratio implying orientational order within a tightly packed globule as has been stressed by Grosberg and colleagues (Grosberg, 1979; Grosberg and Khokhlov, 1981; Grosberg et al., 1982; Grosberg and Zhestkov, 1986) . The free energy of toroidal globules has been estimated assuming the DNA phase is nematic (Grosberg and Khokhlov, 1981; Grosberg and Zhestkov, 1986) . In a recent paper by Bloomfield (1991) an overview is given of the free energy of hexagonally packed condensates.
The general statistical problem of DNA condensation is greatly complicated by the stiffness of DNA causing the orientational and translational degrees of freedom to be strongly coupled. Here, we focus on the relatively modest problem of +i-condensation of toroidal DNA based on a recent, apparently successful theory of the hexagonal phase (Odijk, 1993a (Odijk, , b, 1994 . The collapse of the DNA coil is caused by the osmotic pressure of the surrounding semidilute polymer solution (Lifshitz et al., 1978) . We do not describe the initial stages of the compression of the coil but rather approach the problem from the opposite point of view, i.e., the hexagonally ordered globule and its melting behavior. In particular, we do not justify why the globule should adopt a toroidal shape; this is merely a supposition, although we note that some justification for nematically ordered toroids was presented by Grosberg and Zhestkov (1986 (Fixman, 1979 If the charged cylinder is straight, various workers have argued that it may be replaced by a line charge of effective linear charge density adjusted so as to let the tails of the respective potentials match (Brenner and Parsegian, 1974) . A convenient means of calculating veff is via the Boltzmann equation (Philip and Wooding, 1970; Stroobants et al., 1986) . Upon bending the cylinder and the concomitant line charge, veff will decrease a bit because more counterions are attracted to the bent cylinder in view of the enhancement of the bare potential. Nevertheless, we neglect this renormalization as it has the following form: Next, we choose a Cartesian coordinate system with the origin fixed at a point on the line charge, with the z axis aligned tangentially along the line charge, and the x axis pointing along its outward normal (see Fig. 1 ). The distance r between a point P in the xy plane and a point S on the line charge is given by: r2 = r0 sin2,y + (rocos y-R(cos 0 -1))2 + R2 sin20 terms of the curvature. As argued above, the electrostatic potential, scaled by -q/kBT, at point P is a sum of Debye- where R is the local radius of curvature. By symmetry, the term of order R-1 disappears as it should. The elastic free energy density is given by:
where P is the persistence length of DNA.
We again adopt a continuum approximation: a << RC9 (25) where C3 is a constant. The second effect that is of importance here is the depletion of the polymer at the surface of the globule (Joanny et al., 1979) . If we suppose the polymer is inert with respect to both DNA and salt, the polymer concentration in a layer of characteristic thickness ( surrounding the toroidal surface is lower than in the bulk. The surface tension that results from this depletion layer scales as:
and curvature free energy terms determines the aspect ratio R,/RC of the globule. Positive surface free energy contributions will tend to keep the torus short and thick; the free energy of curvature in general favors a more extended configuration.
At The numerical minimization of fl does not yield a great deal of insight. Hence, we apply an approximate analytical procedure. In the continuum limit (Rc/a = 0(10) or more), the two volume terms in Eqs. 15 and 27 overwhelm the other terms in view of the estimates RC = (3(R) = (3(P) and Veffl'rod = C(Q-1). In addition, we note that the potential decays exponentially so that the equilibrium lattice spacing must be very close to the hypothetically straightened hexagonal phase in equilibrium with the same polymer solution.
As the total amount of DNA in a globule is constrained, knowledge of the lattice spacing also fixes the volume of the 
Accordingly, afk/aRc = 0 yields:
One useful limit is at high salt and fairly low polymer concentrations (k1 C2 -2 and k2 44wXP/3112a2) for aspect ratios Rt/Rc > 2. (37) (38) which, together with Eq. 16, leads to:
where E is defined by E =-Qvefflrod(a) = F2((2/Ka)"2 exp[-Ka]. In Eq. 29 terms of ((llKa)) have been deleted. 
U d-Toroids of Hexagonal DNA than a certain fraction of the lattice spacing, the lattice may undergo a melting transition (Odijk, 1993b) . We now show that the incorporation of the polyion undulations into the previous analysis is straightforward. The total free energy of a straight lattice of weakly undulating semiflexible polyions (undulatory amplitude d << a), balancing the electrostatic interaction against entropic confinement, may be calculated by assuming a Gaussian distribution of the undulations. For details of the undulation theory, see Odijk 1993a (in Table I the entry for R = 4 nm should read 0.19 (0.011); the theory is compared with osmotic experiments on DNA (Podgornik et al., 1989) , muscle filament (Millman, 1986) , and tobacco mosaic virus (Millman et al., 1984) ). The viewpoint that the decay length ought to be renormalized in a straightforward way (Podgornik and Parsegian, 1990 ) has been criticized in the review by Odijk (1994) . The status of these theories has also been discussed in the context of field theory by de Vries (1994) .
Minimization of the total free energy leads to an asymptotic relation between a and d (Odijk, 1993a) (K-1) . In Eq. 41, the bare interaction E (see Eq. 29) is replaced with the undulation-enhanced interaction E. In a new analysis of the electrostatics of a DNA torus incorporating undulations, we would have to substitute E for E wherever the latter occurs, at least to within a factor of unity. Hence, our main result, Eq. 36, remains legitimate even when there are undulations. In the continuum limit, the undulations and spacing are given by Eqs. 28, 39, and 41. Recently, a melting criterion for the hexagonal phase of DNA was formulated by combining the theory of undulation enhancement with the Lindemann melting rule (Odijk, 1993b) . The latter states that on the melting curve of a positionally ordered system, the ratio 1 of the undulation amplitude and the lattice spacing is a constant of order 0.1. For macroscopic hexagonal phases of DNA, I turns out to be -0.13 (Odijk, 1993b) . For a hexagonal toroid, we expect a melting transition at about the same value of the Lindemann ratio I = dia ',0.13, at least in the continuum limit (a << RC and C(Rc) = C(Rt) = Y(P)), where the bulk free energy terms are much larger than the surface and curvature free energies.
As the critical deflection length of the toroidal lattice is much larger than the lattice deflection length A = P113'&, the undulations will not be suppressed by curvature (Odijk, 1993c (Laemmli, 1975) Poisson-Boltzmann approximation (Fixman, 1979) . The approximations leading to our main result are listed in Table 1 .
A referee has remarked on the difficulty of the charged worm model for DNA providing an explanation for the isotropic-precholesteric-cholesteric transition (Livolant, 1987; Strzelecka and Rill, 1991; Merchant and Rill, 1994) . We may add to that the peculiarities found recently in the behavior of semidilute isotropic solutions of DNA (Strzelecka and Rill, 1992; Wissenburg et al., 1994) . On the other hand, neutron scattering work on cholesteric DNA (Groot et al., 1994) , extended to study the ionic strength dependence of the orientational order, is well represented by electrostatic theory (K. Kassapidou and J. van der Maarel, University of Leiden, manuscript in preparation). It is important to note that the isotropic-cholesteric transition is very sensitive to perturbative influences (e.g., weak attractive forces). In isotropic and cholesteric solutions long-range positional order is absent (disregarding the helicoidal organization of the cholesteric) and the DNA molecules sample the entire configurational space beyond the effective diameter of each polyion (Stroobants et al., 1986) . By contrast, in the hexagonal phase the molecules are pinned within a sharply defined potential trough, which is considerably less sensitive to perturbations. Hence, difficulties in explaining the isotropic-cholesteric transition need not falsify the usefulness of the electrostatic model for the hexagonal phase.
